Equivariant Iwasawa theory : an example 



Jiirgen Ritter ■ Alfred Weiss 



O 

o 

(N 

> 
O 



in 
H 



This note is meant to justify a remark made in the introduction of [6] according to which 
the "main conjecture" of equivariant Iwasawa theory, as formulated in [2, p. 564], holds when 
G = G{K/k) is a pro-/ group with an abelian subgroup G' of index I. 

We quickly repeat the general set-up and, in doing so, refer the reader to [5,§1] for facts and 
_C ■ notation that is taken from our earlier papers on Iwasawa theory. Namely, / is a fixed odd 

prime number and K/k a Galois extension of totally real number fields, with k/Q and K/k^ 
finite, where fcoo is the cyclotomic Z;-extension of k. Throughout it will be assumed that 
Iwasawa's /i-invariant fi(K/k) vanishes. We also fix a finite set S of primes of k containing all 
J> ■ primes above oo and all those whose ramification index in K/k is divisible by I. 

In this situation it is shown in [5] that the "main conjecture" of equivariant Iwasawa theo- 
ry would follow from two kinds of hypothetical congruences between values of Iwasawa L- 
functions, and one of these kinds, the so-called torsion congruences, has meanwhile been 
verified in [6]. The purpose of the present paper is to show that the torsion congruences al- 
ready suffice to obtain the whole conjecture in the special case when G is a pro-/ group with 
an abelian subgroup G' of index I. Before stating the precise theorem we need to recall some 

^ ■ notation (compare [5, § 1] ) . 

SH ; 

A A G is the /-completion of the localization A.G which is obtained from the Iwasawa 
algebra AG = Zj[[G]] by inverting all central elements which are regular in AG//AG; 
Q/\G is the total ring of fractions of A A G; 

T(Q A G) = Q A G/[Q A G, QaG] is the quotient of Q/\G by Lie commutators; 
if G is a pro-/ group, then (see [5, §2] 0) 

#i(A A G) -±> T(Q A G) 

(LD) Det | Tr | 

HOM(^G,(A A r fc ) x ) ±+ Hom*(^G, Q c A r fc ) 



*We acknowledge financial support provided by NSERC and the University of Augsburg. 
1 i?;G is the ring of all (virtual) Qi c -characters of G with open kernel; Yk = G{k OD /k) ; A c A Fk = 1i ®z l AaT^ 
with TLi the ring of integers in a fixed algebraic closure Q; c of Qi 
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is the logarithmic diagram defining the logarithmic pseudomeasure 

t K /k£T(Q A G) by Tr(t K/k ) = L(L K/k ) 
where L K / k = Lx/k,S € HOM(/?;G, (A A rfc) x ) is the Iwasawa L-function. 

THEOREM. With K/k and S as at the beginning and G = G{K/k) a pro-l group, tj^/ k is 
integral (i.e., tj^i k G T(A A G) ) whenever G has an abelian subgroup G' of index I. 

As a corollary, by [5, Proposition 3.2] and [6, Theorem], L K j k G Det-RTi(A A G) , which implies 
the conjecture (see [3, Theorem A]), up to its uniqueness assertion. However, SK\{QG) = 1 
because each simple component, after tensoring up with a suitable extension field of its centre, 
becomes isomorphic to a matrix ring of dimension a divisor of l 2 by the proof of [2, Proposition 
6], as the character degrees all divide I. Now apply [7, p. 334, Corollary]. 

The proof of the theorem is carried out in §2; before, in a short §1, we introduce restriction 
maps 

Resg' : T(Q A G) -> T(Q A G') and Resg' : Hom*(i?,G, Q c A r fc ) -> Hom*(^G', Q c A r fc ,) 

making the diagram 

Jfi(A A G) T(Q A G) Hom*(^G,Q A r fe ) 

res g' i Resg' j Resg' | 

Jfi(A A G') T{Q A G>) -X Hom*(^G',Q A r fc 

commute for any pair of pro-Z groups G = G(K/k) and G' = G(K/k') < G such that [G : G'\ 
is finite. We remark that replacing ResJ^ by the "natural" restriction map, 

(resg7)(x / ) = /(mdg, X / ), / € Horn* (12,6?, Q c A r fc ) , G l^G" , 
does not work, because induction and Adams operations do not commute. 



1. RES 

Let G = G(K/k) be a pro-Z group and G' = G(K/k') < G an open subgroup. Recall that 
^ : A A Pfc — > A A Tfc is the map induced by ^(7) = 7' for 7 G r*. (compare [5,§1]) and that ipi 
is the I th Adams operation on Ri(-). 

Definition. Resg' : Hom*(^G, Q c A T k ) -> Rom*(R l G', Q c A T k ,) sends f to 
Resg'/= [ X '-/(indg, X ')+E T^(/W _1 X))] I, 

r>l 

where x = iplfad^x?) - indg^xO . 
2 A similar definition regarding Hq(G;QiG) for finite /-groups G appears in [1]. 
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To justify the definition we must show that the sum Yl r >i ' s actually a finite sum. For this, 
let {t} be a set of coset representatives of G' in G, so G = UftG' , and define 

m(g) = min{r > : g v G G'} for g € G . 

Then 

indg, X , (p)=E^(5 t )= E *V)> 

t {t:m(g*)=0} 

if, as usual, x' coincides with %' on G' and vanishes on G \ G' . Hence, 
X (g) = (indg,x')(</) - indg,(^x')(<?) 

= Em( 5 ")=0 xW*) - Z) m (g*)=0 xW*) = H m (j')=l X'Cff'*) • 

■/m.(cj')=l 



If ro is such that G ro C G', then 1 \ = and ^r>i = Sr=i 2 > because the sum ^ r 



is empty when g G G ro 1 . 
It remains to show that Resg'/ G Horn* {RiG' , Q C A T k >) , i.e., Resg'/ is a Galois stable ho- 
momorphism, compatible with W-twists (see [5, § 1] ) , and taking values in Q^IV. The first 
property is easily checked and the third follows from the second as in [2, proof of Lemma 9]. 
We turn to twisting. 

Let p' be a type-W character of G', so p' is inflated from Ty, and write p' = resg'p with p 
inflated from to G. Then 

/(indg,(pY)) =/(p-indg, X / ) =p»(/(indg,x')) = (//)«(/ (mdg, X ')) 
as /(indg/xO e Qa^V- Moreover, since V'i is multiplicative, 

^(indg,(pV)) - indg,(^(p'x')) = UP ■ mdg, X ') " mdg,((p')' ■ ^x') = p' ■ X 
and thus 

f (/wv-x))))= f/(/-V'r 1 x) = 



((^•(/(VT 1 *))) = pK f 1 /WT'x)) = iff)K f /W _1 x)) • 



Lemma 1. T/ie diagram below commutes. In it, L and L' are the lower horizontal maps of 
the logarithmic diagram (LD) for G and G' , respectively. 

HOM(^G,(A A r fe )><) ±> Bom*(RiG,Q^T k ) 
(HD) resg'l Resg' j 

HOM( J R z G',(A A r fc ,) x ) i4 Hom*(^G',Q A r fc 0. 

Indeed, for / G HOM^G, (A A r fc ) x ) we get 

(Resg'L/XxO = (L/)(indg, X ') + £ r>1 T~ [(W) (^x)] 
=(L/)(indg,x') + £ r>1 f 1 [log(/(^ _1 x)) - f log(/Wx))] 
= (L/)(indg, X ') + E r>1 f 1 logC/CVr'x)) " Z r >2 f logC/^r'x)) 
= (L/)(indg, X + | log(/( X )) = j log + ? log f£gg 

_ 1 l n „ /(indxP'-vf/^indx') . 1 , /(indxQ' 
- I 10 S */(^indx')^/(ind^x') ~~ I 8 */(ind ^x') 

= (L'resg7)(x') • 
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The dotted equality sign, =, is due to the congruence yf$ lX ) = 1 mod lA^T^ (see [5,§1]) 
and to x(l) = 0, so (V ; [~ 1 x)(l) = for every r. In fact, with % *^= f ip r l ~ l x 1 we have 

/(x) ? = *mx) mod /A c A r fc f(xf = *' Mix) = *7(*(1)1) = 1 mod /A c A r fc 

for big enough s. Thus (L/)(%) = log(/(x)) — * fog(/ '(^/x)) as 'fog' converges on an element 
a power of which is = 1 mod ^A^IV 

The proof of Lemma 1 is complete. 

By means of the trace isomorphism Tr : T(— ) — > Hom*(— ) we next transport Resg to 
Resg' : T(Q A G) -> T(Q A G'), i.e., the diagram 

T(Q A G) ^ Hom*(^G,Q A r fe ) 
(TD) Resg' | Resg' J. 



T(Q A G') ^ Rom* (RiG',Q A T kl ) 



commutes. 



#i(A A G) A T(Q A G) 
Lemma 2. resg J, R es G i commutes and Resg t^/^. = tx/fc' • 

^i(AaG') ^ T(Q A G') 

The first claim follows from gluing together the diagrams (LD), (HD), (TD) and applying [2, 
Lemma 9]; the second claim follows from res^ L K / k = L K / k > [2, Proposition 12]. 

The next lemma already concentrates on the case when G' is abelian and [G : G'\ = I. We set 
A = G/G' = (a) and observe that a acts on G' by conjugation. 

LEMMA 3. Let r : A A G — ► T(A A G) denote the canonical map and g & G. If G' is abelian% 
and of index I in G, then 



G' /_ \ _ J Z^=0 



Res'e (rg) 



g l if g£G'. 



To see this, we apply Tr' to both sides and employ the formula Tr > (r'g)(x') = X '(g)g with g 
denoting the image of g € G' in Ty (see [5,§1]) : 

1. (Tr'Resg'(r<?))(x') = Resg'(Tr(r 5 ))( X ') = Tr(r 5 )(ind % X ') + f Tr(r 5 )(x) since G* C 
G' . Now, if 5 G G, Tr(r 5 )(indg,x') = EfcoX'O^S and = 0. On the other hand, 
if 5 £ G', Tr(r 5 )(indg / xO = and f Tr( T g){ X ) = } md%, X ' (g l )g l = xV)ff' since we 
may choose a = g mod G' . 

2. Tr / (Ei=o3 at )(x') = Ei=o x'(ff a ')ff) since g a * and # have the same image in T^. and so in 
IV. On the other hand, Tr'(^)(xO = x'(^V • 



3 whence r' : A A G' — > T(AaG') is the identity map 
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The lemma is established. 

Remark. The lemma has two immediate generalizations. Firstly, if T (~ 7L{) is a central 
subgroup of G contained in G', then the elements of T(A A G) can uniquely be written as 
^2 g [3gT(g) with (3 g G A A T and g running through a set of preimages of conjugacy classes of 
G/T (see [3, Lemma 5]). For each summand we have 

Secondly, if G' is no longer abelian, then the equality in the lemma has to be replaced by 

G( ' \ r'(g l ) tigtCP. 



2 . Proof of the theorem 

In this section G = G(K/k) is a pro-Z group and G' = G(K/k') an abelian subgroup of index I 
(K/k is as in the introduction). As before, A = G/G' = (a) , and we set A = l + a+ ■ ■ ■ + a l ~ 1 . 

If G itself is abelian, the theorem holds by [4, §5, Example 1], whence we assume that G is 
non-abelian. 

Lemma 4. Assume that there exists an element x £ T(A A G) such i/iai defTg x = defTg tx/k 
and KesQ x = Resg* t^/k ■ Then t K / k £ T(A A G). 

Denoting by K^b the fixed field of the finite group [G, G], we first observe, because of [5, 
Lemma 2.1] and Lemma 2, that defTg t^/k = ^K^/k an d Res^t^/^. = tK/k' are integral: 
indeed, a logarithmic pseudomeasure is integral whenever the group is abelian. 
From [4, Proposition 9] we obtain a power l n of I such that l n t K / k £ T(A A G). Consider the 
element x = l n {x — t K / k ) G T(A A G). It satisfies defTg x = = Resg* x, . We are going to 
prove x = which implies x = t K j k because Hom*(i?;G, Q c A T k ), and so T(Q A G), is torsionfree; 
whence the the lemma will be verified. 

The proof of x, = employs the commutative diagram shown in the proof of [5, Proposition 
2.2] : 

l + a A ~ (A A G) X 4 (A A G ) x 
I LI L ab I 

deflS 

r(a A ) - T(A A G) -2 A A G , 

in which L is extended to (A A G) X by means of the canonical surjection (A A G) X -» K\(A A G) 
and a A = ker(A A G — > A A G ab ). The diagram yields a v G (A A G) X with L(u) = x, simply 
because deflg 1 x = 0. Combining diagram (HD) of Lemma 1 and that appearing in Lemma 
2, we arrive at 

L'(resg'(Detu)) = Resg"(L(Det v)) = Resg"(Tr L(u)) = Tr'(Resg'x) = 
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and, with res^ replaced by deflgj , at 

L ab (deflg ab (Detv)) = deflg ab (L(Det v)) = deflg ab (Tr 1» ) = Tr ab (deflg ab 5) = 0, 
since L and Tr commute with deflation. 

The first displayed formula in [3, p. 46] now implies that res^f (Det t>) and deflg (Detv) are 
torsion elements in HOM(i? ; G", (A A T k ,) x ) and HOM(i?,(G ab ), (A C A T k ) x ), respectively. Mo- 
reover, the first paragraph of the proof of [5, Proposition 3.2] therefore shows that Detv 
itself is a torsion element in HOM(i?/G, (A^r^)*). Consequently, for some natural number 
m, (Detv) 1 " 1 = 1, so l m L(Detv) = = l m Tr(Lv) = Tr(/ m x) , and x = follows, as has been 
claimed. 

We now introduce the commutative diagram 

r(o A ) - T(A A G) -» A A G ab = T(A A G ab ) 

Res | Resg' | Res j 

b' A = r'(b' A ) ^ A A G' = T(A A G') - A A (G'/[G, G]) = T(A A (G'/[G, G])) 

with exact rows (of which the upper one has already appeared in the diagram shown in the 
proof of the preceding lemma). The images of all vertical maps are fixed elementwise by A 
because of Lemma 3. Thus we can turn the diagram into 

r(o A ) - T(A A G) -» A A G ab 
Res | Resg' j Res j 

(D) b' A A ^ (A A G') A - (A A (G'/[G,G])) A 

H°(A,b' A ) - H°(A, A A G') - H°(A,A A (G'/[G,G})) 
with exact rows and canonical lower vertical maps. 

Lemma 5. In (D), the left vertical column is exact and the left bottom horizontal map is 
injective. 

Proof. The ideal o A is (additively) generated by the elements g(c— 1) with g G G, c G [G, G] ; 
those with g G G' generate b' A . We compute Res^ r(g(c — 1)), using Lemma 3 : 

1. if g G G', Resg'r( 9 (c - 1)) = Eto(G?c) ai - gf*) = £gj ( 5 ( c - 1))°' G tr A b' A , 

2. if p ^ G', Resg'r( ff (c - 1)) = Resg' (t(<?c) - r(<?)) = ( 5 c)' - = ^cr 4 - g l = , since 
(*) [G,G^ = 1 

by [G^G^CG'] and [G,G'] A = ((G') " 1 ) 1 = 1 as (a - l)i = 0. Here, the dotted 
equality sign, =, results from the equation 

[bg'^g' 2 ] = (g^b-Hg'^b-'bg'^g', = (gi)' 1 (g'^f Uf g' 2 = 
((fli)- 1 (fli) B, )(a6" 1 ) 6 fli) e [G',G] • [G, G'} < [G, G'] 
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for g[,g'2 G G' and b G G\ G ', because G' is abelian and normal in G. 
Thus, Resg r(a A ) = tr A b A , which proves the first claim of the lemma. 

The second claim follows from H~ l (A, A A (G'/[G, G])) = and this in turn from the trivial 
action of A on G' /[G, G] and the torsion freeness of A A (G' /[G, G]). 

Lemma 5 is established. 



As seen in diagram (D), there is an element x\ G T(A A G) with deflg x\ = tx^/k- We define 
x[ G A A G' by KesQ x\ = t K j k i + x[. Because of [5, Lemma 3.1], x' x is fixed by A. We want 
to change x\ modulo r(a A ) so that the new x\ becomes zero: then we have arrived at an 
x G T(A A G) as assumed in Lemma 4 and the theorem will have been confirmed. 

The above change is possible if, and only if, x[ G Res^ (r(a A )) and so, because of Lemma 5, 
if x[ is in T = f \xa{A a G'} , the ^4-trace ideal of the A-action on A A G". 

Proposition. x[ g T is achievable. 

This is seen as follows. From [5, § 1] we recall the existence of pseudomeasures Ax ab /fc, ^K/k' m 
Ki(A A G ah ) and K X (A A G'), respectively, satisfying Det X Ks . b /k = L K, h /k, Det \ K /y = L K/k , 
(so L ab (A^ ab/fc ) = t Kah/k , ,Jj{\ K/v ) = t K/k ,). From [5, 2. of Proposition 3.2] and [6, Theorem] 
we know that 

ver(A^ ab/fc ) 

— = 1 mod T 

Xr/W 

where 'ver' is the map induced from the transfer homomorphism G ab — > G' . 
Let y G (A A G) X have den£f y = X Kab /k and set resg'y = \ K/k , ■ y' . Then 



resgy ^ ver(A Wfc ) ^ 1 ^ ^ 



Ajc/fc' Ax/, 



see the proof of [5, Proposition 3.2]). Moreover, y' € 1 + b' A . Now, xi = L(y) has Res§ xi 

K/ife' 



Res^ L(y) = i^y^ + x[ with x' x = L'(y'), and x' x G b' A because of the commutativity of 



l + b' A ~ (A A G') X - (A A (G7[G,G])) X 
L' i U i U i 

b' A ^ A A G' - A A (G'/[G,G}) . 

Hence, the proposition (and therefore the theorem) will be proved, if 
(2.0) x[ = L'(y') G T. 

However, Lemma 5 gives 

y' G (1 + b' A A ) n (1 + 7) = 1 + (&'/ nr') = i + tr A b' A 

and as L'(y') = j log vjf^ry (compare [3, p. 39]), we see that 
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(2.1) h'(y')eT if ^ =1 mod IT. 
So it suffices to show this last congruence. 

Write y' = 1 + tr A (3' with (3' £ b' A . Since (1 + tr A /3') 1 = 1 + (tr A f3') 1 mod IT, the congruence 
in (2.1) is equivalent to 

(2.2) (tuP'Y = V(tTAP') mod IT. 

On picking a central subgroup r (~ %\) of G and writing 0' = ^2 g > c P g ',cS'( c ~ 1) with 
elements (3 g ' iC G A A r, g' € G', c € [G, G], we obtain 

(2 2a) (trA/3')' = (E flV /V,ctrA(</(c- 1)))' = E sV (/V,c)'(W(c- 1)))' 
= E g ',c *(/V,c) ((trAO/c)) 1 - (W)') mod ZT' 

and 

(2.2b) V(tuP') = E fl ' )C *(/V,c) (tTACW) - tr A (/)) 

as \& and tr^ commute. Thus congruence (2.2) will result from Lemma 6 below, since then 
subtracting (2.2b) from (2.2a) yields the sum 

E sV ^c)((trAG/c))< - tT A ((g'c) 1 ) - (tug') 1 + tr A (g' 1 )) = 

E^%,c) " + ^) = E 9 ', C HW 3 ', C )</ V - 1) = mod IT' , 



by (*) of the proof of Lemma 5. 

Lemma 6. {tug') 1 - tr A (g' 1 ) = -lg' A mod IT' for g' e G' . 

Proof. Set A = Z/l x A and make M = Maps(Z/l,A) into an A-set by defining 
rrS z,a% \x) = m(x — z) ■ a 1 . Then 

(tug') 1 = (£g' ai ) 1 = E II 9 im{z) = E </ E '«" mW 

i=0 mGM zSZ/Z mgM 

with E 2: m ( 2: ) rea( i m ^[^]- 

We compute the subsums of E m m which m is constrained to an A-orbit. 
If m E M has stabilizer {(0, 1)} in A, then the A-orbit sum is 

E ( ^ )e A^ im(2 ' a>) = E (z , a ^A9'^ im{v - zW = 
Z {z , a >)9'^ miv)al =iT Jl (g' Y - m(v) r = i ■ tu(g'^ m(v) ) e IT . 

Note that no m G M is stabilized by (0,a J ) with a* ^ 1 : for m(z) = mS°' al \z) = m(z)a l 
implies a 1 = 1. It follows that the stabilizers of the elements with stabilizer different from 
{(0,1)} must be cyclic of order I and different from {(0, a*) : < i < I — 1} and therefore 
= ((l,a J )) for a unique j mod Z. 
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One now checks that for each j there is exactly one A-orbit with stabilizer ((l,^)) and that 
it is represented by rrij , rrij(z) = a? z . Moreover, {(0,a 4 ) : < i < I — 1} is a transversal of 
the stabilizer of rrij in A. 

For each j, the sum of g'^" m ^ over the Xorbit of rrij is X^fi''^' 2 "^ ^ = X^'^"' 2 '^ ° ■ 
If j = 0, this is Yli9' la = ^(g'') , accounting for that term in the claim. If j / 0, it is 
T^i9 ,Aa = ^9 >A ) an d summing over j / gives (I — 1)1 ■ g' = —I ■ g' A mod IT' because 
li.g' A = l-t u (g' A )elT. 

This finishes the proof of Lemma 6. 
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